
①
& Meaning ofSes Trem :
-

StokesTheorem : SSCualFonds = /E .Tds

A flox of e line integral
the Curl around

Example : Verify
thra O boundary

Stokes Theorem in

case A = hemisphere Curl--. )Curlin
x
+

y +z = 9 ,
z =0

*

d.*
e -

F = y -X

: The Boundary Curve for
the hemisphere

IS : e = x +y = 3
/

· First we calculate RHS : - 3
.

o
e

S

· 3

2π

SE .Fds = SMdx + Ndy = (37)-sint) -3x cost &
* -

e t = O dx = -3 sintdt
- 3 sint -3cost

x=3 cost y =3Sint

0 ItEt dy = 3 cost dt

= p &2
*

-sin't - cost dt = - 9 . 2π=M



· Now calculate LHS : S CurlFN d
,
S ②

S
i

COME =
= M(+ - 1) = -2k

%
x by Ez

y
-x0

-

f(x ,y) = (x, y,x+ yY)

- Heen=G
+ ze ·becamesR =

CvnF . = (-2k) . (xi +Batz)!= - Z

Spherical Coordinates : n = P , v
= *

-

F(4
,
A) = 3 (coso sing , sino sing , cosp)

We have : A :/x =sing (from map problem-<-

or just comple

- z sine do be66 Curl :N dis =-zd,S=
↑

S A
↑ 3cosf

T/2

Scosd = -364 <2D ↳·

I de 18 M(2π) sin = -
= -3

= Sinc
itk

du = Lose&



③
Emple& Use Stokes to obtain the correct

interpretation of Curl as "circulation per area in
"

St : Let F be a vector field. Recall that

④ F . F as is the "circulation in
around

"

e

because it measures
the component of tangent

to e
,
weighted with arclength

ds
,
and summed

around the curve e . e
So
...

take a small disc Da of
d

radius 30
,

oriented with

normal
,
placed at a point = (X ,y ,2) .

Let Cs be the boundary circle of a n
7

#

4

Da ,
oriented by RHR with

5

.
x ECa.

<

Now apply Stokes Theorem :
&

De

SS Curl .d, = F. ds

Des
me Em
We wonder what We know

this is

Cool measures circulation in E around &s



4
Now for the trick : assuming is O

smoothly varying , (say continuous
derivatives

we know that as -so ,
the value of

Curl in Da is very close ,
i
.e

. Tends to

it's value at the center, namely,
CurlE .N (2)

.

Thus we can approximate Curlin
as constant,

and pull it out of SS
,
only incuring a

small error which w be negligible as 3-0,

I. e. Surl . d. = Curl E. (e) SJd ,
error
z

De who are smaller than
/Ba

trying to
Area of Da = (Dg) =π32

interpret
This from Stokes Theorem :

Surle . & = Curl E. (2) Del +error E . F &s

De Ce

Divide thru by IDs1 ...
error

Cro . (2)=it .is -T tends to
I zero as

zex E-> D



⑤
Thus : CurlEonlimt son
(Applies to any area -
De oriented by

normal 5) circulation per area

de : The value of CurlFon
at a pointy

measures the circulation per area in
T

around the axs i.

Example Around which axis i does E

exhibit maximum circulation ?
n

: Curlon = CurDII/ICOSO -

ins
which is maximum when cost = 1 , +

=0
E

So the axis i around which circulates

most rapidly is -= y
,

inhe is

direction of Curle &



Example What does the leth of Curle
&

measure ?

Ans : The maximum circulation per
area occurs

-- Curl The magnitude being
--around axis =

/CurlFl"

I

Ell= IlCualED.CurlFoN = CrrlFo El IICunFl maximum
= Circulation
per area

M

dude: Curl gives the axs--
around whichis circulating most rapidly,
and its lengthis the magnitude of

maximum circulation &
Note : The component of Curl

in any unit

direction i gives circulation per area
around

(circlutation per) = CurlFon = /CurlElICOSAarea around it

= Component of CurlF in direction Curlene
,In

->

of unit vector a Curl



& Application ④- The Curl as"revolutions per
second" = frequency in fluid model-

Assume F = F = Velocily in Huid model of

a density(x ,G ,2) moving at velocity -
=(x , it
T

Streamline -->Ie
.
a streamling It isthem-airfoil-

curve taken by a fluid->
<

Ipartite , and the velocity
-

Vector (2) = F'(t) forthe streamline thre = (,1 ,2)

Q : What does Curly measure at pt (x , y ,2) ?

Ans : Curlo = 4πW where w= rolutions
sec

I

of a bead circulating on a circular wire Ez

oriented by a assuming - .T gives the

velocity (i
..

.e., no friction ,
no loss of momentral

-

"N
in limit2 -> 0

·

· rotating
Check : Dimensions[Vx]

= [(v] =#m② bead

↓- z

[CurlF on] = [Curl] [n] = Y
/ Cg

E ↑ dimension of frequency

7)F [p= 1 => unit vectors are dimensionse



Example : Verify Curl . = 4W
T -

⑳

: Curlin E circulation We
Rev

M

↑ area
Stokes

sec
rotatinga

②

=i St .Fees If E* z

u Es - Cg
area

(The approximate equality I becomes = in
limit -> 6)

But
J r .Fds=J.un

E .F = 0
= 2 N81 N .F (t

dt

m
-dis of bead T = average speed daround 2g

=
2πET

Check :

- go+ (t) de Tim f(tm) ot /im
finin

I

NN
a

average
off



Conclude : Curlin ZT& T = = T ④
I -
πG2/

Now : at average speed i, the bead makes

one revolution around 2TE
= circumference of es

in time period T where

2πE
-

2N8 = ToT => T =

T

dist = dist . The

-Thus : Trev = time of oneo
- = = w

clude :

w=3 Curl=
= zπeW = Curl

2 W = 4 πW V

Summary : In the fluid model , the Curly---

gives axis of maximal rotation of a bead

constrained to move around a circular wine oriented

Curly
.

The length curlull then gives the

maximal frequency of rotation , and Curlin gives

frequency of rotation around axis.

In Fluid Mechanics : Curly vorticity. Vorticity

plays a fundamental role in
the theory of fluids.



Example& Assume a fluid is moving with ⑩

velocity vector =Y = x + *GER . : Medese

↳ Find axis of maximal rotation at
P = (1-1)=

↳) Find the maximal circulation/area

() Find the frequency w
and period T for a

bead rotating with i around a circle of radius a,
-

center to , around axis = 12 , 1
,
1.

.

:(1) Curl = i B -i(xz -0 - b(yz -0) + k(0
-0)

/ Ex Zy zz

- 0xyE = xEE -yz
-

Curl = (xz , -yz, b)
-

· E = ('s -1 ,2) ,
Curl = (2 , 2 , 0

-> -->

Curl
.. axis of maxial rotation urll O =Cse

(2) Maximal circulation per area = /Cua(F)
= T =z

->

-

occurs around axis i =
(1 , 1 , 03

V
-

(3) For # =** C CurlY = (Xz ,-82 ,
0)

,

Curlin = 45W

W=Curl ·n(1))= 2
,
0)=- 2

= +
4T =

-

- 4πT6 Tbπ
4 + 1 +1

Ans : W= Jess T = = VGπ Seconds



& Why stokes theorem is true-
⑭

Stokes Theorem : Surl N dis =E . T ds

A e

Q : Why is it true !
--

Ans : Because Conlin Cur ↑ Curlin

is the circulation per area,
-dis

so when we write a Riemann e -

·I

Sum for ScurlndS ,

each element Dis reduces fr

S and all
a line integral around its boundary,

the interior adjacent line integrals out-°

because they have opposite
orientation.

Is SSCurle .Nd' =lim ESCCurlFinds =EJ
E. I· A

I Gij

VA Rij
= SE .Fa

---- - f - -- i L

<
4 S

--·

-

· (n ,v) 2

~ -

N

Vj V V --
T

A
- ⑳

⑭- ->
O Dij·⑭L - I 1t :

1/1(1)) >
I
·-
- "I-e A -
-

A ui b 7 e
> *
Z



a ⑭/PistI
.

e., SCurld,S = lim ESS Curlnds
u E

A
N-> is Dis til SE

.Es

= /im & SE .Fds All adjacent line

N-> xij integrals cancel
Gij out leaving only

boundary
= SF .Fas
e

Rectangular
Rectangle Disc Dis Eij= Ei + e" + 93+

VA Rij ⑭

C S

d -------
L

* (n ,v)
↑
->

-

e :
-> m· &

I
-

A - -

N ·· V

- -
T

-C
-

> *
Z

That is : all integrals on adjacent
sides cancel out because they have opposite
orientation

S
and the only line integrals. left

are the line integrals around outer boundary.
Note : This would be a proof , except we

used stokes theorem to get SSCurlEd,
S = SE .Tds

Sij eij

so we can't formally use that to prove StokesThm.



⑬
Conclude : The argument is circular in

the
--

sense that we assume
Stokes thm to interpret

Curlin as circulation per area ,
then use

this to prove
StokesThm - Even so

,
this is

the correct intuition for why
Stokes The is TRUEP


